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The present paper provides the stochastic analysis of an engineering system consisting of two identical
electronic machines. In the system working machine needs rest after a fixed amount of continuous working, so the
system is provided with the facility of interchangement of warm standby in to cold and vice versa after a random
amount of time. Using regenerative point techniques various reliability characteristics which are useful to system
designers are obtained.

interchangement, symbols, Sojourn Time.

Many researchers working in the field of engineering reliability have studied many system
models by using different sets of assumptions. Most of them assumed that warm standby remains in the position of
warm/operative throughout the system. Since warm standby can also fail and it is having some non-zero running
cost so for improving its life, it is beneficial to interchange the warm standby into cold and vice-versa after a random
amount of time.

Keeping the above view, we in the present paper provides the reliability analysis of a production unit

consisting of two identical electronic machines with the facility of interchangement of warm standby into

cold.

Using regenerative point technique with Markov renewal process various reliability measures which are

useful to industrial development are obtained.

2.0 Model description and assumptions|

(1) The system consists of only two electronic machines which are identical. Each of the machines is having
two modes as Normal and Complete failure.

(2) Initially one electronic machine is operative and other is kept as warm standby.

(3) The warm standby becomes a cold standby after a random amount of time and vice-versa to provide the rest
for improving its life. Upon failure of an operative electronic machine the warm standby comes into help of
a automatic electronic device “AED” instantaneous legible random amount of time to start operation.

(4) A single repair facility is used with discipline “FCFS” in the system and once the repairman enters the
system he will complete all the jobs related to repair.

(5) The probability that a repaired electronic machine will be placed as warm standby or cold standby is fixed.

(6) The failure time distribution for both the electronic machines is exponential, while the distribution of time to
complete repair is arbitrary.

(7)  The distribution of time to interchange warm standby into cold standby and vice-versa are arbitrary.

(8) The distribution of time to start operation by the electronic machine kept as cold standby is negative

exponential.

No : Normal electronic machine kept as operative

Nws : Normal electronic machine kept as warm
standby

Ncs : Normal electronic machine kept as cold
standby

Ncss : Normal electronic machine kept as cold
standby being switched on for operation

F, : Failed electronic machine under repair
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Failed electronic machine waiting for repair
Constant failure rate of an operative

electronic machine

Constant failure rate of an electronic machine kept
as warm standby

Constant rate to interchange cold standby

into warm standby

Constant rate of time for an electronic machine
kept as cold standby to become operative by the
help of “AED”

pdf and cdf of time to repair a failed

electronic machine

pdf and cdf of time after which warm standby
electronic machine interchange as cold

standby

Probability that the repaired electronic machine will
be placed as cold standby

Probability that the repaired electronic machine will be
placed as warm standby

Using the above notation and symbols the following are the possible states of the system:

Up States
So = (No, Nws) Si1=(No, F) S; = (No, Ncs)
Down States
Ss=(F, Fw) Sy = (Fr, Ncss) S5 = (Ncs, Ncss)

Se = (Nws, Ncss)
The possible transitions between the above states are shown in Fig. 1.

\
s,
1

O UP STATE
|:| DOWN STATE

Fig1
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4.0 Transition probabilities:

Let TO (=0), T1,T2,.... be the epochs at which the system enters the states Si € E. Let Xn denotes the state

entered at epoch Tn+1 i.e. just after the transition of Tn. Then {Tn,Xn} constitutes a Markov-renewal
process with state space E and
Qik(t) = Pr[Xn+1 =Sk, Tn+1-Tn<t| Xn = Si]
is semi Markov-Kernal over E. The stochastic matrix of the embedded Markov chain is
P = pik = lim Qik (t) = Q(wx)
t—>w

By simple probabilistic consideration, the non-zero elements of Qik(t) are:

QO1(t) = (a+p).0ft e-(a+p)u H (u)du QO02(t) = 0t e-(a+pB)u h(u)du

Q10(t) = q.0/t e-au g(u)du Q12(t) = p.0ft e-a g(u)du
Q13(1) zoft ae " 6(U)du Q20(1) :ojt Ye_(aw)u du
Q24(1) :oft Olte_(wy)u du Q31(tt) = Q-ojt g(u)du
Qsa(t) = pool g(u)du Qaz(t) = g0l & g(u)du
Qas(t) = p.of e g(u)du Qsa(t) = of 8e7®*MV du
Qss(t) = of ye @V dy Qes(t) = of e ¥ H(u)du

Qes(t) = of e **¥ h(u)du

j-dG(v)

Q3)11(t) = 0ft we-u G (u) du. g v CW)

= .0/to..dG(v) OJv e-aw du, (by the change of order of integration)
=q.0Jt (1 — e-av) g(v)dv

Q(3)14(t) = p.0Jt (1 - e-av) g(v)dv

Q(1)40(t) = q.0Jt A(v).g(v)dv

Q(1)42(t) = p.0ft A(v).g(v)dv

Q(1)43(t) = 0..0ft A(V). G (v) dv

Q(0)61(t) = (a+B).0Jt e-BVA(V). H (v)dv

Q@4 (1) = of ePYA(V).h(v)dv (1-22)
where

A(v) =

(e-av_e-SV)
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t ~ t
ae-» S 4, J' q asw) 4,
G(u)

. G

Q(1,3)41(t) = 0t Se-du G (u) du. u
= 0.0/tad.dG(w) Ofw e-av dv, Ofv e-(8-a)u du

1
= g. O — O Oft[(5-01)-Se-aw+ae-ow]g(w)dw
1
Q(1,3)44(t) = p. d-a OJt[(8-ar)-8e-ow+ae-aw]g(w)dw ....(23-24)
Taking limit as t — oo, the steady state transition pij can be obtained from (1-24) . Thus
pik = lim Qik(t)
B t—oow _
po1=1- H(osp) p02 = H(0+p)
pl0=q. G~(a) p12=p.C (o) _
p13=1- G (q) p3)11 = q.[1- G ()]
_ Y
p@3)14=p.[1- G (0] p20= &+
o
p24:0H'y p31:q~
p34=p p42 =q. G (d)
_~ 6 -~ -~
p45=p.G (5) p(1)40 = .8~ [G (q) - G (5)]
8
p(1)42 = p. 8 =[G (q) - G (5)]
1
p(1)43 = 8 = 0 [(5-0)-5 G (o) +a C (5)]
1
p(1,3)41 = q. 8~ A [(5-)-5 C (a)+a G (5)]
1
p(1,3)44 = p. 8~ A [(5-)-5 C (a)+a G (5)]
8
Ps2 = 8—+y Pse = 8—+y
B
pea = P+0 1 Hpeg) p65 = H (p+5)
((X+B)8 1- H((X,+B) _ 1- H(B+8)
s o-a L @B (B+d)
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o
p(0)62 = O — o [H(a+p) - H(p+5)] ..(25-48)
From the above probabilities the following relation can be verified as;
pol +p02=1 pl0+pl2 +pl3=1
pl0 +pl2 + p(3)11 + p(3)14 =1 p20 +p24 =1
p3l+p34=1

D42 + 45 + p(1)40 + p(1)42 + p(1)43 = 1
P42 + pd5 + p(1)40 + p(1)42 + p(1,3)41 + p(1,3)44 = 1
P52 + p56 = 1 P64 + p65 + p(0)61 + p(0)62 =1 ....(49-57)

5.0 Mean Sojourn times:

The mean time taken by the system in a particular state Si before transiting to any other state is known as
mean sojourn time and is defined as

pi = 0Joo P[T>1] dt
where T is the time of stay in state Si by the system.

Therefore
1 1
o= “+PB i H (@ep) = o[1- G (q)]
1
w2= 0ty u3 = 0feo t.g(t)dt = mi (say)
1 1
wa= 8 1- G ()] ps= 0T
1
ue= P01 Hpo) ....(58-64)

Contribution to Mean Sojourn Time
For the contribution to mean sojourn time in state SieE and non-regenerative state occurs, before transiting

to SjeE, i.e.,
mij = -0Joot.qij(t) dt = -q’*ij(0) ...(65)
Therefore,
mO1 = (a+B).0Jo t.e-(a+p)t H (t)dt
m02 = 0fco t.e-(a+B)t h(t)dt m10 = q.0Je t.e-at g(t)dt
m12 = p. Ofect.e-at g(t)dt m13 = 0foo t.ae-at G (H)dt
m20 = 0fco t.ye-(aty)t dt m24 = 0foot.ae-(oty)t dt
m31 = . 0Joo t.g(t)dt m34 = p. 0Joo t.g(t)dt
m42 = q. 0Joo t.e-St g(t)dt m45 = p. 0Joo t.e-St g(t)dt
)
2
m52 = 0o t.5e-(8+y)t dt = (6+7)
Y
2
m56 = 0co t.ye-(5+y)t dt = (8 + Y)
m64 = 0Joo t.pe-(B+3)t H (t)at m65 = 0foo t.e-(B+8)t h(t)dt

m(3)11 = g. 0feo t.(1 — e-at) g(t)dt
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m(3)14 = p. Ofoo t.(1 - e-at) g(t)dt
)

m(1)40 = g. © — 0 [0foo t.(e-aut- e-5t)g(t)dt
)

m(1)42 = p. © — 0 [0foo t.(e-aut- e-5t)g(t)dt

1

m(1,3)41 = g. O — O [0foo t{(5-01)-Se-aut + cre-5t}g(t)dt]
1

m(1,3)44 = p. O — O [0foo t.{(5-c)-Se-at + ae-5thg(t)d]

)

m(0)61 = (a+p). d-a [0]oct. (e-ait- e—é&t)e—Btﬁ (t) dt]
0

m(0)62 = 0 — O [0foct.(e-at- e-5t)e-Bth()dt] ...(66-87)

Hence using (66-87) the following relations can be verified as follows
1

mo1+mo2= @B 1 H (oep) = o

m10 + m12 + m(3)11 + m(3)14 = Ofeo t.g(t)dt = m1

1

m20+m24= %17 =2

m31 + m34 = 0foo t.g(t)dt = m1
m42 + m45 + m(1)40 + m(1)42 + m(1,3)41 + m(1,3)44 = 0 t.g(t)dt = m1
1

ms2+ms6= OV =5

1 B

M64 + m65 + m(0)61 + m(0)62 = O —a [ %+ P ¢ H (a+B)}
o

0+ 8 g1 - Hars)y = m2

6.0 Reliability and mTsf :

To obtain the reliability of the system we regard all the failed states as absorbing states. If Ti be the time to
system failure when it starts operation from state Si then the reliability of the system is given by

Ri(t) = Pr[Ti>t]

Using the probabilistic arguments in view of reliability the following recursive relations can be easily
obtained.

RO(t) = Z0(t) + q01(H)©R1(t) + q02(t)©R2(t)

R1(t) = Z1(t) + q1O0()©RO(t) + q1l2(t)©R2(t)

....(88-94)
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R2(t) = Z2(t) + q20(t)©RO(t) + q24(t)©R4(t)

R4(t) = Z4(t) + q(1)40(H)©RO(t) + g42(H)OR2(t) + q(1)42(1)OR2(t)
+ g45(t)OR5(t)

R5(t) = Z5(t) + q52(t)©R2(t) + g56(t)©OR6(t)

R6(t) = Z6(t) + q(0)61(H)©ORL(t) + q(0)62(t)OR2(t) + q64(1)ORA4(t)

+ gB5(H)OR5(t) ....(95-100)
where B
Z0(t) = e-(o+B)t 71(t) = e-at G (1)
1
Z2(t) = e-(oy)t 74(t) = 8~ [se-at- ae-5] O (1)
1
Z5(t) = e-(5+)t 76(t) = O~ e-ptfse-at- ce-5t] H (1)

Taking Laplace transform of the above equations (95-100) and solving for R*0(s) by omitting the
argument ‘s’ for brevity, we get

R*0(s) = N1(s)/D1(s) ....(101)
where

N1(s) = q*249*450*56q*(0)61(Z*1g*02 — Z*0g*12) - q*450*560q*64(Z*0

+Z*1g*01) - g*24(q*42 + q*(1)42)(1 - q*56q*65)(Z*0

+ Z*1g*01) — Z*2q*4509*560*64(q*01q*12 + q*02)

+ g*24q*45(g*01g*12 + q*02)(Z*5 + Z*6q*56) - q*249*45(q*52

+ g*560*(0)62)(Z2*0 + Z*1q*01) + Z*4q*24(1 - q*560*65)

.(q*01 g*12 + g*02) + (1 - g*56q*65)(Z*0 + Z*1q*01+ Z*2g*02

+ Z*20*01q*12) ....(102)
and

D1(s) = (1 - g*560q*65 — q*45q*560*64)(1 - g*01g*10 - g*02g*20

- q*01g*12g*20) - q*24(q*42 + q*(1)42)(1 - q*560*65)

.(1 - g*01g*10) — q*249*45(q*52 + q*560*(0)62)(1 - q*01g*10)

- g*249*450q*560*(0)61(g*12 + g*10g*02)

- q*249*(1)40(1 - g*560*65)(q*02 + q*01g9*12)

....(103)
Now,
1
z00) = % TP - H (orp)] = o
1
z*1(0)= % [1- G (@)= 1
1

z%2(00)= TV =2
1 0 o

z4(0)= 8- [og1-G (@3- 841- G gy
1

=0-a (pl - aud) = m3 (say)
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1
Z*6(0) = 0O (510 - op6) = m2 ....(104-109)

Therefore,
N1(0) = p24p45p56p(0)61(ulp02 — u0pl2) - p45p56p64(n0 + ulp0l)
- p24(p42 + p(1)42)(1 - p56p65)(10 + ulp0l) + p24p45(p01pl2
+ p02)(u5 + m2p56) - u2(p45p56p64(p01pl2 + p02)- p24p45(p52
+ p56p(0)62)(u0 + nlp01) + m3p24(1 - p56p65)(p01 p12 + p02)
+ (1 - p56p65)(10 + pnlp0l+ pu2p02 + u2p01pl2) ....(110)
and
D1(0) = (1 - p56p65 — p45p56p64)(1 - p01pl0 - p02p20 - p01pl2p20)
- p24(p42 + p(1)42)(1 - p56p65)(1 - p01p10) — p24p45(p52
+ p56p(0)62)(1 - p01p10) - p24p45p56p(0)61(pl2 + p10p02)
- p24p(1)40(1 - p56p65)(p02 + p01pl2) .L(111)

Now the reliability of the system can be obtained by taking inverse Laplace transform of (101) . Also the
Mean time to system failure (MTSF) when the system starts operation from state SO can be obtained as
E(T0) = lim R*0(s) = N1(0)/D1(0) = N1/D1

s—0
where N1 and D1 are identical as in (110) and (111) respectively.

7.0 Average up time of the system|

Let Mi(t) be the probability that starting from state Si the system will be in up position and remains up till
epoch t without passing through any regenerative state or returning to itself through one or more non-
regenerative points. By probabilistic arguments, we have

MO(t) = e-(oL+[3)'[ﬁ ® M1(t) = e-at G 1
M2(t) = e-(a+y)t o
e Gt

M4() = Ojt se-su du. G (v, C(W)
)

= 80 (e-qt-e-5t) C (1)
e (@B)t-u) |:|('[)

M6(t) = Oft se-(B+8)u du. H . H(W)
o

= 80 e-Bt(e-at - e-5t) H (1 ....(112-116)

Now, using probabilistic arguments the following recursive relations for point-wise availability Ai(t)’s can
be easily obtained
AO0(t) = MO(t) + q01(t)©AL(t) + g02(H)©A2(t)
Al(t) = M1(t) + g10(H)©AO0(t) + q12(H)©A2(t) + q(3)11(H)©AL()
+q(3)14(1)©A4(Y)

A2(t) = M2(t) + g20(t) ©A0(t) + q24(H)©A4(t)
AA(t) = M4(t) + g42(H)©A2(t) + g45(t)©A5(t) + q(1)40(t)©AO(t)

+q(1)42(1)©A2(t) + q(1,3)41(t)©AL(L) + q(1,3)44(1)©A4L(t)
A5(t) = g52(t) ©A2(t) + g56(t)©A6(t)
AB(t) = M6(t) + q64(t)©A4(t) + g65(t)©A5(t) + g(0)61(H)©AL(t)

+q(0)62(t)©A2(t) ....(117-122)
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Taking laplace transform of above equations (117-122) and solving for pointwise availability A*0(s), by
omitting the arguments ‘s’ for brevity, one gets
N2(s)

A*0 (s) = ....(123)
D2(s)
where
N2(s) = [M*0(1 - g*(3)11) + M*1g*01][(1 - g*(1,3)44)(1 - g*56(q*65)
- *4509*560*64 - q*24(q*42 + g*(1)42)(1 - q*560*65)
- q*249*45(g*52 + g*560*(0)62)] - (M*0q*12g*24 + M*0q*(3)14
- M*1g*02g*24 + M*2g*02q*(3)14)[q*(1,3)44)(1 - q*560*65)
+ q*450*56q*(0)61] + [q*01 g*12 + g*02(1 — g*(3)11)]
IM*2{(1 - g*(1,3)44)(1 - q*560*65) - q*45q*56q*64}
+ q*24{M*4(1 - g*560q*65) + M*6q*450*56}]
+ g*01 q*(3)14{M*2{(q*42 + q*(1)42)(1 - q*560*65) + q*45(q*52
+ g*560*(0)62) + M*4(1 - q*569*65) + M*6q*450*56] ....(124)
and
D2(s) = (1 - g*(3)11 — g*01g*10)[(1 - g*(1,3)44)(1 - g*560*65)
- g*450q*560*64 - g*24(q*42 + gq*(1)42)(1 - q*56q*65)
- g*24q*45(g*52 + q*560*(0)62)] - (q*129*24 + q*(3)14
+ q*10g*02g*24 — q*029*209*(3)14)[g*(1,3)41(1 - q*560*65)
+ q*459*56q*(0)61} - [g*01g*12 + g*02(1 — g*(3)11)]
Ja*20{(1 - 9*(1,3)44)(1 - q*569*65) - q*450*560q*64}
+ q*249*(1)40(1 - g*560*65)] - q*01 q*(3)14{q*20{(q*42
+g*(1)42)(1 - q*560*65) + q*45(q*52 + q*560*(0)62)}
+g*(1)40(1 - g*560*65)] ....(125)

Also, -
M*0(0) = fe-(a+B)t H (tdt = o

M*1(0) = Je-at G (1) dt = ul
M*2(0) = Je-(o+y)t dt = pu2
) 0

M*4(0) = O~ Je-at - e-50) G (0 dt = O— O (ul - ud) = nl (say)
) )

M*6(0) = O — O Je-Bt(e-at - e-5t) H (t) dt= O — & (0 - u6) = n2 (say)
....(126-130)
Also,
N2(0) = [u0(1 - p(3)11) + pulpO1][(1 - p(1,3)44)(1 - p56p65) - p45p56p64
- p24(p42 + p(1)42)(1 - p56p65) - p24p45(p52 + p56p(0)62)]
- (u0p12p24 + Lop(3)14 - ulp02p24
+ u2p02p(3)14)[p(1,3)44)(1 - p56p65) + p45p56p(0)61] + [p01 p12
+p02(1 — p(3)1D)][m2{(1 - p(1,3)44)(1 - p56p65) - p45p56p64}
+ p24{nl(1 - p56p65) + u6p45p56}] + p0l p(3)14{u2{(p42
+p(1)42)(1 - p56p65) + p45(p52 + p56p(0)62) + n1(1 - p56p65)
+ n2p45p56] ....(131)
and
D2(0) = (1 - p(3)11 — p01p10)[(1 - p(1,3)44)(1 - p56p65) - p45p56p64
- p24(p42 + p(1)42)(1 - p56p65) - p24p45(p52 + p56p(0)62)]
- (p12p24 + p(3)14 + p1l0p02p24 - p02p20p(3)14)
[p(1,3)41(1 - p56p65)+ p45p56p(0)61} - [p01pl2
+p02(1 - p(3)11)][p20{(1 - p(1,3)44)(1 - p56p65) - p45p56p64}
+ p24p(1)40(1 - p56p65)] - p01 p(3)14{p20{(p42 + p(1)42)
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.(1 - p56p65) + p45(p52 + p56p(0)62)} + p(1)40(1 - p56p65)]

Now, for obtaining D’2(0) the coefficients of mij’s in D’2(0) are,
mo01 - (p10p24 — p20p(3)14)[p(1,3)44)(1 - p56p65) + p45p56p(0)61 + (1 —
P(3)11)[p20{(1 - p(1,3)44)(1 - p56p65)
- p45p56p64} + p24p(1)40(1 - p56p65)] = LO (say)
mo02 - (p10p24 — p20p(3)14)[p(1,3)44)(1 - p56p65) + p45p56p(0)61 + (1 —
P(3)11)[p20{(1 - p(1,3)44)(1 - pS6p65)
- p45p56p64} + p24p(1)40(1 - p56p65)] = LO
m10 N p24[p(1,3)41(1 - p56p65) + p45p56p(0)61
+ p01[p20{(1 - p(1,3)44)[(1 - p56p65) - p45p56p64}
+ p24p(1)40(1 - p56p65)] = L1 (say)
ml2 N p24[p(1,3)41(1 - p56p65) + p45p56p(0)61
+ p01[p20{(1 - p(1,3)44)[(1 - p56p65) - p45p56p64}
+ p24p(1)40(1 - p56p65)] = L1
m(3)11 - p24[p(1,3)41(1 - p56p65) + p45p56p(0)61
+ p0L1[p20{(1 - p(1,3)44)[(1 - p56p65) - p45p56p64}
+ p24p(1)40(1 - p56p65)] = L1
m(3)14 N p24[p(1,3)41(1 - p56p65) + p45p56p(0)61
+ p01[p20{(1 - p(1,3)44)[(1 - p56p65) - p45p56p64}
+ p24p(1)40(1 - p56p65)] = L1
m20 — p02p(3)14[p(1,3)41(1 - p56p65) + p45p56p(0)61] + [p01p12 + p02(1
- P(3)ID]I(1 - p(1,3)44)(1 - p56p65)
- p45p56p64} + p01p(3)14[(p(1)42 + p42)(1 - p56p65)
+ p45(p52 + p56p(0)62] = L2 (say)
m24 - p02p(3)14[p(1,3)41(1 - p56p65) + p45p56p(0)61] + [p01lpl2 + p02(1
- P)1D)]I(I - p(1,3)44)(1 - p56p65)
- p45p56p64} + p01p(3)14[(p(1)42 + p42)(1 - p56p65)
+ p45(p52 + p56p(0)62] = L2
m42

N (1 - p56p65).{1 — p12p24 + p(3)14 + p14p02p24
—p02p20p(3)14 = (1 - p56p65).L4 (say)
m45 - (1 - p56p65).L4
m(1)40 - (1 - p56p65).L4
m(1)42 - (1 - p56p65).L4
m(1,3)41 - (1 - p56p65).L4
m(1,3)44 - (1 - p56p65).L4
m52 - p24p45(1 — p(3)11 — p01p10) + p02p(3)14p45 = L5 (say)
m56 - p24p45(1 — p(3)11 — p01p10) + p02p(3)14p45 = L5
m64 - p45p56L4
m65 - p45p56L4
m(0)61 - p45p56L4
m62 - p45p56L4
Thus,

D2 =D’2(0) = (m01 + m02)LO0 + (m10 + m12 + m(3)11 + m(3)14)L1
+ (M20+m24)L2 + (m42 + m45 + m(1)40 + m(1)42 + m(1,3)41
+m(1,3)44)(1 — p56p65).L4 + (M52 + M56).L5 + (m64 + m65
+ m(0)61 + m(0)62)p45p56.L4
= p0LO0 + m1L1 + p2L2 + m1(1 — p56p65)L4 + u5L5 + m2p45p56.L4
= u0LO0 + m1[L1 + L4(1 — p56p65)] + n2L2 + u5L5 + m2p45p56L4 ....(132)

Therefore, by L. Hospital rule

A0 =N2(0)/D’2(0) = N2/D2
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where N2 and D2 are same as in equations (131) and (132) respectively.

8.0 Conclusion:

Mathematical results of reliability analysis of a production unit obtained in this paper are useful in
improving reliability of industrial production units. The model discussed in the paper is useful for managers
for running a production unit effectively.
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